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ABSTRACT

Exploring the learning and teaching of multiplicative reasoning through measures: A

design-based research project.

This study explores the learning and teaching of multiplicative reasoning through
measurement contexts with Year 2 learners, aged 6 and 7, in a primary school in South
Wales, through the design and evaluation of learning tasks. Typically, in the UK, the
multiplicative relationship is introduced as an extension of counting, in which counting in
composite units (units with a value greater than one) is developed using visual and concrete
resources with discrete quantities. A contrasting approach, developed in the 1960s in
Russia, by Davydov and Elkonin, involves the introduction of the concept of number, and
later the multiplicative relationship, through contexts involving measures with continuous
guantities. Itis not common for a measures approach to be used to introduce the
multiplicative relationship when counting, and number operations as an extension of
counting, is the predominant approach within a curriculum. This study explores the teaching
and learning of the multiplicative relationship through measures contexts, in a situation

where learners have typically been introduced to number through discrete quantities.

A design-based research (design research) approach was adopted. Using research informed
design principles, and applying a socio-constructivist theoretical framework, tasks were
designed, implemented, evaluated and developed through two cycles of research, with Year
2 learners. Observation and interviews, with learners (n=21) and practitioners (n=5), were
used to inform task development and evaluation. The tasks with the learners, led by the
researcher, were audio recorded, transcribed and coded. Through analysis of the data from
both cycles, themes were constructed. Data collected support the assertion that measures
tasks offer rich opportunities for multiplicative reasoning. A key theme from analysis is the
construction of the equality relationship, and this study offers new insight into how this

might be perceived in measures contexts.
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CHAPTER 1: INTRODUCTION
1.1 RATIONALE FOR STUDY

The term ‘multiplicative relationship’ is used to refer to a relationship that may exist
between quantities which includes interconnected ideas, processes, and relationships such
as multiplication, division, and fractions. Though evident in early research into cognitive
development (e.g., Piaget, 1952), interest in the multiplicative relationship revived in the
1980s (Confrey and Harel, 1994), and since then international research has considered the
development of reasoning with the multiplicative relationship. Indeed, understanding of,
and reasoning with, the multiplicative relationship can be concluded to be a key predictor of
progress in mathematics (Siemon, Breed and Virgona, 2008; Sieglar et al., 2012; Nunes et

al., 2012).

Meyer and Land (2006, p.3) introduce the idea of a ‘threshold concept’ in student learning,
where such a concept, when understood, is seen to be ‘transformative’. As Meyer and Land
(2006, p.3) note, this transformation might take time and can prove to be ‘troublesome’. |
believe that reasoning with the multiplicative relationship can be seen as a threshold
concept in mathematics. As discussed in Chapter 2 of this thesis, understanding the
multiplicative relationship can be problematic, and typically develops over many years of
schooling. Furthermore, multiplicative reasoning is an essential threshold for ensuring
progression in mathematics. For example, through a large-scale study of learners’
responses to assessment tasks in their middle years of schooling (ages 10 to 14) in Australia,
Siemon, Breed and Virgona (2008, p.6) conclude that incomplete understanding of the
multiplicative relationship ‘almost guarantees failure in relation to developing deep
understanding of fractions, decimals, per cent, ratio and algebra’, thus implying a causal
relationship. Through analyses of UK and US longitudinal national test data, Sieglar et al.
(2012, p.1) conclude that, even when accounting for factors such as general intellect,
working memory, family income and education, students’ understanding of fractions and

division (and thus understanding the multiplicative relationship) ‘uniquely predicts’ success
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in algebra and overall mathematics achievement. Similarly, Nunes et al. (2012) analysed
longitudinal UK national test data in English, mathematics and science, and found, even
when accounting for intellect, working memory and age, that mathematical reasoning,
including multiplicative reasoning, more so than arithmetic, impacted on mathematical and
scientific achievement. Indeed, Nunes et al. (2012) argue that, from the early years of
primary school, mathematical reasoning, such as reasoning with the multiplicative
relationship, should be given greater priority over calculation, and this should be maintained

to the end of secondary school.

Through experience as a primary teacher and as primary teacher educator, with a specialist
interest in mathematics, | have witnessed learners and student teachers struggling to apply
and reason with the multiplicative relationship, even though multiplication and division
facts may be known, and processes such as multiplication and division algorithms may be
established. This led to my interest in this area of mathematics learning and teaching; |
sought to understand more about how the learning of the multiplicative relationship might

be supported and developed, through facilitating the learning of pupils and teachers.

Zwanch and Wilkins (2021) note that there are different perspectives evident in the study
and exploration of students’ multiplicative reasoning. Notably, through the literature,
discussed in Chapter 2, two dichotomous approaches to the introduction of the
multiplicative relationship can be identified. The first approach involves the introduction of
the multiplicative relationship as an extension of counting; for example, Steffe (1994, p.7)
notes that the extension of counting in ones to counting in composite units (units with a
value greater than one) is ‘crucial in learning multiplication and division’. As Coles (2017,
p.206) notes, the evolution of concepts through counting, the ‘counting world’, is the
‘predominant narrative’ in mathematics education. A contrasting and less familiar
approach, developed in the 1960s in Russia, by Davydov and Elkonin (e.g., Davydov, 1990;
Davydov, 1992) involves the introduction of the concept of number, and later the

multiplicative relationship, through contexts involving measures. Coles (2017, p.206)
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summarises this ‘measurement world’ as predominantly involving a focus on relationships
between quantities. Indeed, Coles and Sinclair (2022, p.19) question why a focus on
relationships before focusing on number, as incorporated into Davydov’s curriculum (e.g.,
Davydov, 1990), is not considered in every curriculum, although they note that making such
changes would require ‘extensive training for teachers’ and would require ‘a significant
sustained effort’ to make such shifts. Venkat, Askew and Morrison (2020, p.398), in
discussing the incorporation of Davydov’s focus on relationships between quantities into an
intervention project in South Africa, apply the notion of ‘shape-shifting’ to consider how a
contrasting approach might successfully be incorporated into another context and/or
culture. They note the need to analyse original learning intentions of an idea and interpret
how that might work within the cultural context. Thus, as noted by Coles and Sinclair (2022)
and Askew, Venkat and Morrison (2020), ideas, such as those of Davydov’s (1992) approach
to the multiplicative relationship, cannot be transposed simply into another context and
there needs to be careful consideration of how novel and unfamiliar ideas might be

developed in a specific cultural context.

This study has been developed to explore how an approach to introducing the multiplicative
relationship involving measures might be incorporated into a curriculum that predominantly
reflects a ‘counting world’ (Coles, 2017, p.206). Through developing tasks that might
support learners in understanding the multiplicative relationship through measures, whilst
recognising the ‘counting world’ from which they came, and through exploring learners’ and
practitioners’ responses to the tasks developed, the aim is to explore the learning and
teaching of the multiplicative relationship through measures contexts, whilst also

developing tasks that might support practitioners and the learners using them.

Design research is the methodological framework applied within this study (Bakker, 2018);
this methodological framework and the research approaches adopted within the study are
discussed in Chapter 4. As noted by The Design-Based Research Collective (2003, p.5),

design research ‘enables us to create learning conditions that learning theory suggests are
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productive, but that are not commonly practiced or are not well understood’. The design
research involved the design and development of tasks according to specific design
principles, reflecting a theoretical approach to learning multiplicative reasoning discussed in
Chapter 2 and a view of learning and teaching discussed in Chapter 3. The design research
involved two iterations: Cycle 1 and Cycle 2, discussed in Chapter 5 and 6 respectively.
Points of learning are considered in both cycles, and themes from both cycles are discussed

in Chapter 7.

1.2 RESEARCH QUESTIONS

Exploring the learning and teaching of multiplicative reasoning through measures: A

design-based research project.

The key aim of this study is to explore the learning and teaching of multiplicative reasoning
through measures tasks, in a context which predominantly reflects a ‘counting world’ (Coles,
2017, p.206). Using measures tasks, with a focus on relationships, it is envisaged that the
tasks might act as a possible introduction, or bridge, to a ‘measurement world’ (Coles, 2017,

p.206).

The sub-questions applied in the study are:

S1: What are teachers' and learners' prior experiences of teaching and learning

multiplicative reasoning?

This question was a starting point for the study. Whilst my experience suggested teaching
of multiplicative reasoning would typically evolve from counting experiences, seen as the

‘predominant narrative’ (Coles, 2017, p.206), it is important to consider the context and the

4
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way in which learners might be typically taught, as understanding developed from this

would inform the design of tasks.

S52: What are learners' prior experiences of learning number and measures?

Like S1, this question was another starting point for the study. It is important to consider
the way in which learners typically experienced number and measures, to inform the

development of tasks.

S$3: How can tasks using measures be developed to introduce and consolidate multiplicative

reasoning, taking into account learners' and teachers' prior experiences?

This question focuses on the process of task development to support multiplicative
reasoning. It allows for consideration of the efficacy of tasks in relation to learners’ and

teachers’ prior experiences.

S54: What is the impact of learning multiplicative reasoning through measures on learners?

This question directs a focus on analysis of learning responses, to consider the possible

learning.

S5: What are teachers' and learners’ views on teaching/learning multiplicative reasoning

through measures using the materials developed?

This question explores learner and teacher perceptions of their tasks and experiences.
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Collectively, the research questions were designed to allow the efficacy of tasks and
approaches to be considered, whilst recognising that it is the learning and teaching

approach taken that is also being explored.

1.3 CONTEXT OF STUDY

The research was undertaken in one primary school in South Wales, over a period of two
and a half years. In both cycles, the tasks were undertaken with groups of Year 2 learners
(ages 6 to 7). This year group was chosen because, in Wales, Year 2 is a year group in which
the multiplicative relationship is typically introduced through the explicit introduction of
multiplication and division. Further information about the school and participants is

provided in Chapters 4, 5 and 6.

It is recognised that many contextual factors are important to the study, and some of these
have been considered as part of the research questions. However, there are also two
national contextual factors that are discussed in relation to this study: curriculum

development and the impact of the COVID-19 pandemic.

This study has been undertaken at a time of significant curriculum change in Wales.
Although part of the UK, in Wales, since devolution in 1999, education has been controlled
by Welsh Government (WG). Following a review of assessment and curriculum
arrangements in Wales (Donaldson, 2015), between 2016 and 2020, a new national
curriculum framework was developed, through a process of co-construction involving
teachers from schools deemed to be successful by Welsh Government and named 'pioneer’
schools during this process. Co-construction also involved support from national and
international contributors and advisors. As part of this co-construction process, there were
key review points in which stakeholders (schools, school staff, parents and learners as well

as wider organisations) had opportunities to engage with the curriculum framework being
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developed, and to provide feedback. Thus, even though the final Curriculum for Wales
framework, released in 2019, became statutory in 2022 for primary schools, engagement
with it had, for the majority of schools, begun long before this. For example, the annual
report of the Welsh education inspectorate, Estyn, for the academic year 2019-2020 (Estyn,
2021) reported that nearly all primary schools had begun engagement with the Curriculum

for Wales.

The Curriculum for Wales Framework (WG, 2021) is noted by the Organisation for Economic
Co-operation and Development (OECD, 2020, p. 20) as a ‘cornerstone of the country’s
efforts to turn its education system from a performance-driven education with a narrow
focus, to an education led by commonly defined, learner-centred purposes’. The
recognition, within Donaldson (2015) and OECD (2020) that previous practice was
performance-driven is important within the context of this study; national tests for literacy
and numeracy were in operation in Year 2 and were used to consider learner and school
performance prior to when the study began. This national performance-based practice
changed during the study, and though national tests for literacy and numeracy still run, the

results are not now used to consider school performance.

The focus on the move to learner-centred purposes and progression within the new
curriculum in Wales is also of contextual importance. At the start of the study, schools were
using national curriculum documentation that comprised year-on-year outcomes,
performance driven statements for mathematics and numeracy. In contrast, the
Mathematics and Numeracy Area of Learning and Experience (AoLE) within the Curriculum
for Wales Framework (WG, 2021), is comprised of principles of progression and a
progression framework, which aims to outline progression from the ages of 3 to 16 through
broad descriptions of learning. As WG (2021) notes, the descriptions of learning are
designed to support learning over a series of years and should not be used narrowly to
design standalone lessons or assessments. In the new Mathematics and Numeracy AolLE,

the term ‘multiplicative relationship’ is used as part of the descriptions of learning, and
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there had been no reference to this term (or terms such as multiplicative reasoning) in

previous curriculum documentation.

For example, Table 1 illustrates differences between some prior curriculum statements and

a description of learning relating to the multiplicative relationship and relevant to the Year 2

age group.

Foundation Phase Framework (WG, 2015a)
Mathematical Development Year 2: Example
statements relating to multiplication and
division.

Children are able to:

Curriculum for Wales Framework
Mathematics and Numeracy (WG, 2020):
Example of a description of learning
progression step 2.

-counts sets of objects by groupingin 2s, 5s
or 10s

-recall and use 2, 5 and 10 multiplication
tables

-begin to link multiplication with simple
division, e.g. grouping and sharing in 2s, 5s
and 10s

| have explored and can use my
understanding of multiplicative relationships
to multiply and divide whole numbers, using
a range of representations, including sharing,
grouping and arrays.

TABLE 1: COMPARISON OF SOME MULTIPLICATIVE RELATIONSHIP STATEMENTS AS OUTLINED IN THE CURRICULUM IN

WALES

Hence, the change in the way Mathematics and Numeracy, as an Area and Learning and

Experience, is presented and envisaged is important to be noted, as the research was taking

place within this period of change. The term multiplicative relationship was used for the

first time in the curriculum documentation, giving prominence to a need for focus on

relationships, and the broad descriptions of learning encompassing several years of learning

generate a need for, and interest in, teacher professional development.

Another important contextual factor to note for this study is the COVID-19 pandemic, which

began during Cycle 1 and therefore impacted on the way research could be completed. It

had been originally intended to undertake post-implementation teacher and learner
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interviews following the initial implementation of the tasks, but due to national lockdowns
and resulting school closures, these could not take place. Furthermore, due to national and
local guidelines to mitigate the spread of the COVID-19 pandemic, when schools re-opened
for all pupils, there were restrictions on visitors and the mixing of learners. Although it had
been originally intended to undertake the cycles in two consecutive years, this was not
possible. Cycle 2 took place as restrictions on visitors and mixing were easing, but some
restrictions were still in place. Cycle 2 was also affected by short notice local authority
directed school closures due to inclement weather; thus Cycle 2 took place in two time
periods in an academic year (Cycle 2a and a follow up shorter Cycle 2b, with different
learners involved in the two phases). A timeline of the research cycles is presented in

Appendix A.

The next chapter focuses on the nature of mathematics and mathematics learning, and the
learning and teaching of multiplicative reasoning and measures, introducing key ideas that

inform the study.
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CHAPTER 2: MATHEMATICS, MATHEMATICAL CONCEPTS AND
THE LEARNING AND TEACHING OF MULTIPLICATIVE
REASONING AND MEASURES

2.1 THE NATURE OF MATHEMATICS

It seems appropriate to begin a piece of writing about learning and teaching primary
mathematics by considering the nature of mathematics itself. This is because beliefs about
the nature of mathematics and the purpose of primary school mathematics will determine
beliefs about how it can be learned and how it may be taught (e.g., Ernest, 1989; Askew et
al., 1997). Furthermore, White-Fredette (2010) argues that philosophical beliefs about the
nature of mathematics itself are overlooked when considering mathematics education and
mathematics education reform, suggesting that this can lead to a possible tension between

how teachers view mathematics as a subject and beliefs about how it should be taught.

Within this work, mathematics is considered a construction; it has developed over time and
through the contributions of many people into a subject that is studied and developed in
learning environments across the world. Mathematics is a result of human and social
activity which has developed into a set of shared understandings. As Freudenthal (1991)
discusses, the word ‘mathematics’ looks like a plural and at one time, the word was a plural;
encompassing four elements: arithmetic, geometry, astronomy and music. Indeed, it is
through the analysis of areas such as music and astronomy and through attempts to work
within and analyse the world around us that mathematics as we have come to know it today

has been developed.

The Platonist view would be that mathematics exists naturally and is there to be
discovered (e.g., as discussed by Ernest, 1991 and Greer, 2004). For example,

a Platonist would argue that the special ratio between the circumference and the diameter
of a circle which is the same for any circle is a natural phenomenon that has been

discovered and labelled pi. However, pi is a construction; the notions of ratio, circumference
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and diameter are inventions that allow the analysis of objects such as circles. Furthermore,
the notion of a circle can also be considered a construction. It could even be argued that a
perfect circle rarely (if ever) exists in the natural world. Hence pi is a construction that
allows analysis of the world, but it is a product of the human mind and a result of
constructions that enable us to define it. Furthermore, these notions are social
constructions; they exist as shared understandings in which the meaning has been socially
and culturally constructed. As Hersh (1998, p.14) states ‘Locating mathematics in the social-
cultural realm means that it is human. For example, there is no sense to talking about
mathematics existing before the human race existed or after it has vanished’. This is the
view of mathematics taken in this work; mathematics is a social construction that has
developed, and is still developing, over and through time, through shared and cultural

understandings.

In some respects, the way children become aware of mathematics could be analogous with
the way in which mathematics has developed as a set of constructed shared ideas. The
earliest mathematics activity is commonly related to quantifying (e.g., through counting
and/or measuring) and considering form (e.g., in relation to shape) and this is widely
regarded as how mathematics itself began (e.g., Tall, 2013). Freudenthal (1991, p.18)
argues that ‘mathematics, unlike any other science, arises at an early stage of development
in the then ‘common sense reality’ and its language in the common language of everyday
life’. Indeed, it is through this ‘common sense reality’ that mathematics has

evolved. Freudenthal (1991, p.31) discusses the term ‘Mathematising’ and considers it a
process of generating and developing mathematics and is insistent that this term should
include the ‘entire organising activity of the mathematician, whether it affects mathematical
content and expression, or more naive, intuitive, say lived experience, expressed in
everyday language’. Young children, before they even begin formal education, engage in
what can be considered mathematical activity and mathematical reasoning; a young child
sorting 3D shapes into a ‘shape sorter’ could be ‘Mathematising” when he or she is able to
identify shapes that will fit into the holes; a young child picking the larger quantity of treats

could also be an example of ‘Mathematising’. These examples may be more recognisable as

11
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mathematics if the child is able to articulate the reasons for choice using mathematical
language but, even without articulation, the child is engaged in mathematical reasoning;
the mind is at work and ‘Mathematisation’ is occurring. From a Vygotskian perspective (as
discussed in Karpov, 2003, p.65) in the examples discussed above, the young child would be
forming 'spontaneous' mathematical concepts; these are concepts formed through
generalisation of everyday mathematical experience. For Vygotsky, those spontaneous
concepts should then, through instruction, develop into 'scientific concepts' (Karpov, 2003,
p.66) which are concepts which have developed, through human activity, into more formal,
definable notions. The development of concepts in mathematics, discussed later in this

chapter, is an important consideration in this work.

Mathematics may seem a very abstract subject to some. Progress through school
mathematics undoubtedly involves increasingly more complex and abstract mathematics.
Tall (2013) suggests that there are three stages to mathematics as it may be experienced in
education: practical, theoretical and formal. A simplistic longitudinal overview would be
that mathematics learning starts with practical experience, becomes more theoretical,
developing into the more formal axiomatic mathematics commonly encountered at higher
levels of education. This formal axiomatic mathematics has developed into shared
understandings that seem to transcend cultures and language. However, shared
mathematical understandings have not necessarily had a smooth development. Greer
(2004) argues that mathematics, as a discipline, has a history of requiring ‘conceptual
restructuring’ because its concepts have developed and evolved over time. For example,
Greer (2004) cites the case of negative integers, once considered impossible by some
eminent mathematicians, whilst Vamvakoussi and Vosniadou (2004) offer further examples
of how the definition of number has needed to evolve. A famous example of this would be
the Pythagoreans keeping V2 a secret, because the notion of an irrational number that could
not be expressed as a ratio (fraction) between two integers seemed impossible. Greer
(2009) notes that Piaget recognised that children are expected to learn the mathematics
that has taken millenia to develop, and therefore argues the notion of conceptual

restructuring should be recognised and accounted for within mathematics education.

12
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Mathematics education and particularly 'school' mathematics may, and indeed does, differ
in content and style across cultures; how and what mathematics is taught and experienced
may depend on factors such as economy, cultural beliefs, and necessity for particular skills
and knowledge. Hence the notion of ‘primary mathematics’ is itself a construction; a set of
those mathematical ideas and skills deemed appropriate (often by policy makers) for
learners of primary school age and this construct varies in different countries, regions and
educational settings. As noted in Chapter 1, the recently co-constructed Mathematics and
Numeracy curriculum in Wales (WG, 2020) reflects a change in approach from a focus on
performance-based statements to broader descriptions of learning, indicating some key
learning and experiences. Though comparison of mathematics curricula and policy
documents from different countries and regions may at first glance show broadly similar
content (e.g. concepts of number, operations and shape) and skills (such as reasoning,
explanation, generalisation, classification), the organisation and expected application of the
curriculum and seemingly subtle differences in expectation of depth and breadth or
application would reflect a particular view of primary mathematics and, at the very

least, will reflect a particular context in which that curriculum was developed.

2.2 MATHEMATICAL CONCEPTS

The view that mathematics is a socio-cultural construction has already been outlined and
this perspective will naturally impact on the consideration of young children's learning of
mathematics in this work. | believe learning is a highly complex process, which relates to
many factors including individual disposition and interests, physiology and age,

interactions, culture and interpretations. | also believe that there is no 'ultimate truth' in the
way children come to learn mathematics; as Simon (2007) argues, learning theories are not

proven but can be seen as perspectives, lenses, or philosophies. This work is
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underpinned by the philosophy of social constructivism as defined by Ernest (1991),
adopting an adapted theoretical framework synthesising theories of cognitive development
to enable consideration of learning within the mainstream classroom, discussed in Chapter
3. This section explores the notion of conceptual understanding in mathematics and
considers, in particular, understanding of number and arithmetical concepts, with a

particular focus on multiplication and division.

The term ‘conceptual understanding’ is used quite frequently in mathematics education; for
example, it is noted as a key ‘principle of progression’ for Mathematics and Numeracy
within the Curriculum for Wales (WG, 2022), informed by the strands of ‘mathematical
proficiency’ in the work of Kilpatrick, Swafford and Findell (2001, p.115). However, concepts
are recognised as difficult to define. Mason and Johnston-Wilder (2004, p. 198) in their
work discussing fundamental constructs in mathematics, conclude that ‘it is very difficult to

be precise about what a concept is!”

Within this work, a mathematical concept is seen as an abstraction; it is an understanding
formed about something mathematical, based on an experience or a collection of
experiences. Freudenthal (1991) asks, what then is the difference between X (an object)
and the concept of X? He concludes that the ‘concept of X’ is how that object is perceived in
a certain perspective; that is when it may be analysed/reflected on/scrutinised. The notion
that mathematical concepts develop through experiences and mental activity is also
suggested by Skemp (1976, p.76) who states that ‘A concept can be described as a mental
awareness of something in common among a certain class of experiences’. The process of
identifying commonalities and being able to group them into a set is, Davydov (1990)
explains, often discussed in educational psychology, and is called generalisation. Hence a
concept is a result of generalisation. For example, a child might experience ‘five’ in different
ways, seeing five fingers on a hand, playing with five objects, singing and enacting a song
about five little ducks, seeing five candles on a birthday cake. Generalisation would be
being able to recognise that all these experiences involve a set of five objects. These

experiences could then be cognitively filed to form a concept of five' being a set of five
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objects (whatever those objects may be). Tall (2013, p.81) discusses the notion of a
‘concept image' which encompasses all the mental pictures or associations with a concept.
Thus, a concept image for 'five' could include images and associations with 'five' things but

would change over time and experience.

Clark (2011, p.32) defines a concept as a ‘big idea’ that allows the connection or making
sense of lots of little ideas, and sees them as ‘cognitive file folders’, providing a structure
within which information or ideas can be stored. This view of a concept as the connection
or filing of ideas and experiences is similar to Skemp’s (1976) notion of awareness of
commonality and suggests generalisation as discussed by Davydov (1990). Of note in Clark’s
(2011, p.35) work is the view of learning as ‘the act of interpretation that emerges from the
interaction between the learner and the object of learning’. This leads to the conclusion
that a concept can never be complete because it is an internal interpretation informed by
making connections between ideas and experiences; a concept is formed and owned by the
learner and therefore may be continually developing. Each individual learner will hold

images or ideas that may be cognitively filed to form the concept itself.

However, Shayer (2003) comments that:

‘a concept is more than the sum of certain associative bonds formed by memory,
more than a mere mental habit; it is a complex and genuine act of thought that
cannot be taught by drilling, but can be accomplished only when the child’s mental
development has itself reached the requisite level’

Shayer (2003, p.465)

In Shayer’s definition, the use of the phrase ‘accomplished’ suggests concept formation
reaches a limit. However, taking the example of a child's concept of a particular number,
this will develop and change over time and through connection of different experiences.
Different learners may, at different times, have their own interpretations of what that
number means to them. This does not mean that the concept is not ‘accomplished’, rather it

may be at a different stage of development. For example, a child's concept of a particular
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number such as 'five' might start with images of five and is then likely to develop to include
the sum of other numbers such as 2 and 3, 4 and 1 and later may become an example of a
prime number, a square root, a rational number, the quotient of numbers such as 20 and 4.
As a learner’s experience with particular numbers expand, a concept may become what Tall
(2013, p.50) defines a ‘thinkable concept’, i.e. a concept which can be used, applied and
acted on without having to think about what it means (a ‘usable concept’ would be another
apt description). This developmental view of concepts recognises that concepts evolve with

the learner.

In many respects, a mathematical concept (or indeed any concept) is a notion deemed
important enough to be given a label or name. As von Glasersfeld (2001) discusses,
interestingly in relation to translations of Piaget’s work, in different languages, different
words exist and there may not always be direct translations of some words. This can suggest
that different concepts have developed. Indeed, as von Glasersfeld (2001) argues, even in
the same language, people may hold different interpretations of words (labels). However, if
we are to communicate effectively then conventions, which can be told, can be accepted
and this can support mutual understanding. Mathematics is a discipline which has
developed over time, and in which there exist shared conventions and definitions. Indeed,
formal axiomatic mathematics (e.g., as discussed by Tall, 2013), usually more associated
with ‘higher’ level mathematics, is founded on axioms (accepted notions) and definitions,
and this axiomatic property, from which formal proofs are derived, is considered the power

of mathematics. Thus, some concepts can also be defined and agreed.

As mentioned previously, Vygotsky (in Karpov, 2003) believed that, in young children's
learning, concepts could be spontaneous or scientific. Hedegaard (2007) explains that
Vygotsky saw spontaneous concepts as concepts that arose in everyday settings, mediated
through interaction within family and community and appropriated through experience with
everyday objects. In contrast, a scientific concept, though not limited to science, will involve

a form of abstraction (such as a formal definition) and will need, as Schmittau (2003, p. 226)
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discusses ‘pedagogical mediation’. Noteworthy, as Hedegaard (2007) discusses, is that
spontaneous and scientific concepts should not be considered discrete, rather

intertwined. For Vygotsky, scientific concepts could be formed from spontaneous concepts
and, indeed, Vygotsky's famous 'Zone of Proximal Development' can be seen as a way of
linking spontaneous and scientific concept development (Daniels, 2007). Scientific concepts
can also enrich and qualify spontaneous concepts. A mathematical example of this could be
the concept of division. Children typically have everyday experiences of sharing items
equally (e.g., between friends or siblings) or finding out how many groups of one number
are in a number (e.g., sweets grouped into twos or threes) and could therefore develop
spontaneous 'everyday' concepts around sharing and grouping even though they may not
yet be familiar with division as a mathematical idea. Supporting children in moving from
these spontaneous everyday concepts of sharing and grouping to the scientific concept of
division would need to be mediated using tools such as language, manipulatives and
symbols. Once developed, the scientific concept of division can enrich the everyday
spontaneous concepts of grouping and sharing. The complexities of division as a
mathematical concept are explored later in this chapter, with the example provided as a
way of illustrating the relationship between spontaneous concepts and scientific concepts,
which were proposed by Vygotsky. Shayer (2003), however, suggests such a relationship
highlights a paradox in Vygotsky's thinking; on the one hand spontaneous concepts are seen
to precede scientific concepts yet the development of scientific concepts is also seen to
cause spontaneous concepts to evolve. A more conciliatory view would be that the

relationship is interdependent.

Russian psychologist Davydov (1990), working in the 1960s, applied Vygotsky’s definitions of
spontaneous and scientific concepts to his own work, but he also believed (1990, p.40) that
‘scientific knowledge is not a simple extension, intensification, and expansion of people’s
everyday experience’. As Davydov (1990) explains, spontaneous concepts involve concrete
experiences and a process of generalisation leading to an abstract notion, but they are
distinguishable from scientific concepts because there will not be awareness of the concept

itself. Indeed, for Davydov, a key feature of Vygotsky’s scientific concept was that the
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learner ‘was more aware of the concept itself’ (Davydov, 1990, p.86) and that the concept
should arise ‘not through a direct encounter with things’ but through mediation resulting in
‘movement from the concept to the thing — from abstract to concrete’. Thus, for Davydov,
understanding the scientific concept is seen as the starting point for instruction. Thus

Davydov (1990) offers a new, arguably radical, perspective on concept development.

Furthermore, Davydov (1990) considers the way disciplines have evolved, arguing that
scientific disciplines, including mathematics, have developed theoretical concepts about
objects, and these are different from the objects themselves. A mathematical example of
this would be number. As discussed earlier in this chapter, children can develop
spontaneous concepts of particular numbers (e.g., of the number 'five' being a word and
symbol that represents any five things, and they might develop this through connecting
images of five and experiences of making five in different ways). However, this is quite
different to having a theoretical concept of number, which would recognise number itself as
an abstract notion with ‘five’ as an example of this. As Schmittau (2003) clarifies, for
Davydov, all mathematics concepts were scientific and not spontaneous. Davydov’s (1990)
view that all mathematics concepts are scientific and therefore should arise through
awareness of the concept itself and from abstract to concrete experience seems contrary to

deep rooted and common practice in the teaching of early number concepts.

2.3 THE DEVELOPMENT OF NUMBER CONCEPTS: CONCRETE TO ABSTRACT OR
ABSTRACT TO CONCRETE?

Number concepts and number operations are traditionally and typically introduced through
counting activity, involving counting of positive integers (counting numbers are also known
as natural numbers). As discussed in Chapter 1, Coles (2017, p.206) refers to this as the

‘counting world’. Tall (2013, p.7) summarises typical mathematical development as ‘young

children are introduced to counting physical objects to develop the concept of number and
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to learn to calculate with numbers’. Hence, common practice is that children will count
objects and learn to use abstractions (number names and symbols) to communicate the
number of objects in a set; they may then learn that a set could be comprised of sub-sets
(the part-whole relationship) and that this additive relationship can be expressed
symbolically. Such activity moves learners from concrete experiences, which may be
supported with pictorial representations, to abstractions in the form of definitions, ideas
and symbolic notation that could be applied to any concrete or pictorial representation.
This practice seems, at first, perfectly acceptable. Such experiences also exemplify a current
‘popular’ model for teaching mathematics called Concrete — Pictorial — Abstract (CPA). The
CPA heuristic, as Merttens (2012) explains, developed in countries such as Singapore and
China and its principles, often likened to Bruner’s enactive — iconic — symbolic theory (Hoong
et al., 2015), are now a common feature of UK textbooks and teaching materials. However,
starting with counting as a basis for understanding number concepts is not without its

critics.

Schmittau (2003, p.227) points out that a flaw in starting number concepts with counting
discrete objects is that it will ‘ground children in their spontaneous notions of number’. For
Davydov (1991, discussed in Schmittau, 2003) this will result in a concept of number heavily
influenced by counting numbers, one consequence being that this will make fractions and
irrational numbers more difficult to learn. The difficulties children experience learning
fractions are frequently documented (e.g., Nunes and Bryant, 2009a). As Bobos and
Sierpinska (2017, p.208) discuss, fractions are commonly introduced as ‘special numbers’
and they are also typically generated by counting (e.g., counting how many parts are shaded
out of how many parts altogether). Fractions are examples of rational numbers (any
number which can be expressed as a ratio between two integers) and yet pupils typically
learn definitions for concepts such as rational numbers, irrational numbers and real
numbers long after they have experienced particular examples of them. Hence itis
typically only at later stages of education that the theoretical scientific concepts of rational

number will be met. The implication of teaching number in this way, as Vamvakoussi and
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Vosniadou (2004) suggest, is that understanding the rational number system then requires

conceptual restructuring.

For Davydov (1990), the idea that theoretical concepts are met later in education and not
from the outset was a flaw in curriculum design. Although Davydov (1990) critiqued the
Russian curriculum in the 1960s (his work was translated into English in the 1990s), the
typical mathematics curriculum he describes relates closely to current international
practice, including that of the UK. For Davydov (1990), understanding the very essence and
history of a theoretical scientific concept and finding a practical way of enabling learners to
understand that scientific concept was vital from the outset. Enabling learners to
understand the scientific concept, and then learn concrete examples, was what Davydov

(1990, p. 128) advocates; he called this ‘ascent from the abstract to the concrete’.

Davydov (1990) establishes that a central notion in the scientific concept of number is that
of a unit. Quantification is achieved through identifying a unit and calculating how many of
that unit represent the quantity being considered. This reflects the process of
measurement; as Nunes and Bryant (2009a) note, measurement involves the identification
of a unit and finding out how many times that unit fits into what is being measured. Thus,
developing the theoretical concept of number, for Davydov (1990), would fundamentally
involve the notion of a unit, as number is the result of finding a relationship between a

qguantity and a unit.

Davydov (1990) reports research undertaken by himself and colleagues in 1961 with first
grade children (ages 6-7, 53 learners). This research involved five 'assignments', which,
Davydov argues, involved counting and measure that the children had already mastered.

The assignments are summarised below:
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1) Pupils were given a wood panel measuring 50cm and asked to bring wood of the same
length from another room (not being allowed to take the original panel). The only thing the
child could take was a 10cm stick. This assignment was designed to assess whether the child

could use the 10cm as a mediating unit.

2) 12 blocks were placed on a table in 4 groups of 3. Children were asked 'How many
here'?'. There was a deliberate absence of indication of what was to be counted to assess
whether the child might ask clarification as to what was being counted or could

demonstrate, through their actions, what exactly was being counted.

3) A row, made of 20 blocks, was placed on a table. A row of 4 within the row of 20 was
broken off and the child was asked 'How many of these here?'. If the child correctly
identified that there were five of those rows of 4, then the child was asked to identify one of
the five. This assignment was designed to explore whether the child could establish a

relationship between an object and what was being counted, identifying a particular unit.

4) Two panels of 20cm were combined to make a panel of 40cm. A panel of 10cm was
shown to the child and the child was asked to identify how many of the 10cm panel would
make the 40cm panel. The child was then asked to show where two of the 10cm panels
would go. This assignment was designed to assess whether the child could relate the object

being used to measure with a number to measure the panels.

5) Two big jars and two little jars were placed on a table. The child was shown that two little
jars would fill a big jar (this was demonstrated by pouring water). The child was then asked
'How many of these (little jars) will fill these (the two big jars and the two little jars)? The
child was then asked how many of the big jars would fill the row of jars. This assignment was
designed to explore how the child used a unit that did not directly relate to what was being

considered.
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Davydov (1990) categorised the results of these tasks with 53 children into those that were
managed independently (without mistakes), those that involved mistakes but were then
managed with support and those that were not managed at all. The support given is not
detailed and it is not clear whether any support could have been given in the cases managed
independently. Davydov (1990) reports that, considering all tasks for all 53 children, 31%
were managed independently, 42% involved mistakes with some support and 27% were not
managed at all. Only two children managed all five independently and only one managed
four. Davydov (1990, p.69) used this data and further analysis of individual tasks to argue

that ‘many first graders experienced significant difficulties’.

Clearly these assignments were designed to explore the children's understanding of what
they were counting. A sceptic might argue that the tasks were deliberately misleading, not
assessing what the children may have experienced previously. Personal experience of
working with children with groups of interlinking cubes would suggest that they would
indeed need clarification of what was being counted. However, the key point is that the
notion of a ‘unit’ was being assessed and many of the children appeared, across all the
tasks, to lack understanding of this. This is perhaps unsurprising, because developing the
notion of a unit had not been focus of teaching. However, Davydov (1990, p. 75) uses these
results, together with results from research in language and history, to argue that there was,
in the curriculum, ‘a detachment of school instruction in concepts from their origin’. Put
simply, Davydov (1990) argues for the teaching of concepts to consider the theoretical
nature of the concept itself and its origin. Termed 'genetic analysis' by Schmittau (2003,
p.232), the notion that the genesis of a concept should be reflected when teaching was

central to the curriculum that was developed by Davydov and his colleague Elkonin.

Davydov (1990, p.76) argues that when introduced to young children 'numbers are taken as
given and ready-made having representation in number configurations.' For Davydov, the

concept of, and need for, number should be developed not through counting but through
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activity involving quantities. As Nunes and Bryant (2009b) clarify, numbers and quantities
are not the same. Quantities are physical and may not always need number for comparison.
Continuous quantities (such as length, area, mass, volume and capacity) can be related to
number, or quantified, through measuring activity. Indeed, as Vergnaud (1979, p.264)
asserts, ‘the concept of number would not exist if man had not met problems of
measurement’. In the curriculum devised by Davydov and Elknonin, early experiences for
young children involve trying to measure continuous quantities such as length, area, mass,
volume and capacity. As Schmittau (2003, p229) summarises, such activities 'reflect the
essence of mathematics as the science of quantity and relation'. Coles (2017) emphasises
the focus on relationships in such a curriculum. In Davydov’s (1990) curriculum, at first,
guantities may be perceptually comparable, and activities are then structured such that this
perception becomes more difficult. Examples discussed by Schmittau (2003) include
children being asked to compare the height of a bookcase and the length of a desk or the
capacity of liquid in two containers of different shape. In such cases, the use of an
intermediary becomes necessary, and hence the notion of a unit develops. Children will
learn to count, but the counting activity is in the context of measure, with a need
guantification and a focus on relationships. From the outset, the notion of a unit is central.
Also noteworthy is that children may use algebraic notation to represent general
relationships (e.g., a=b, a>b, a<b etc.). This is, again, an example of abstract before concrete.
As Coles and Sinclair (2022) assert, starting with complex ideas might, in the long term,

make learning simpler.

A central pedagogic theme within Davydov and Elknonin's learning and teaching activities is
necessity (e.g., see Schmittau, 2003 and 2010; Davydov 1990 and 1992; Venenciano 2017);
problems are set up which are too difficult or inefficient and so this necessitates a new way
of working. Schmittau (2010) details a sequence of early activities, suggested by Davydov
and trialled in the US, progressing from communicating the height of a mammoth through
unit ‘tokens’ to then recognising that representing the height in actual tokens may be
insufficient (e.g., one might be dropped or lost), leading into recording using tally marks. At

each stage, the problem is extended in a way that the previous mode of working becomes
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insufficient and so a new way of working needs to develop. Thus, after children have learnt
to use tally marks to record the number of units used, problems are set up where just using
the tally is ineffective because what the tally represents needs clarification. This leads to a
need to record relationships between units and then a need for communicating number
names using words. In this way learners should develop, not only an understanding of the

number system and its communication, but also its purpose, meaning and history.

In such a curriculum, the concept of a fraction as a relationship between quantities evolves
and progresses from the early experiences with measure (e.g., comparing two lengths using
an intermediary unit). Through these experiences the notion of any rational number
(integer or fraction) and indeed irrational numbers can develop and, as Schmittau (2003, p.
229) argues, ‘significantly, do not require a reconceptualization of number when they do
occur’. Such sequences of progressive activity are designed to develop understanding of the
scientific concepts of rational and irrational numbers from the very outset. It should be
emphasised that learners are engaged in concrete activity, but the concrete activity and
related problems are designed to develop scientific theoretical concepts of number rather
than the traditional way in which scientific concepts are introduced after spontaneous
concepts are deeply rooted. Situations are not set up for learners to apply ready-made

mathematics, rather situations are set up to allow the construction of the concept itself.

Research into the effect of a Davydov and Elkonin style curriculum in mathematics seems
sparse and elusive, at least within the English language. Davydov (1990,